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We study the phase structure of the two-flavor Nambu-Jona-Lasinio model in the presence of
baryon and isospin chemical potential at zero and finite temperature. Any finite value of the
chemical potentials restores chiral symmetry, while there is a charged pion condensate for small
chemical potentials which depend on temperature. We also examine the effects of imposing charge
neutrality and weak equilibrium on the phase structure of the model. In this case, there is window
of baryon chemical potential and temperature where the charged pions condense.
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I. INTRODUCTION
It is believed that one can calculate the properties
of strongly interacting matter by using perturbative
QCD at asymptotically high temperature or at asymp-
totically high densities. Away from these asymptotic
regimes, perturbation theory is bound to fail due to non-
perturbative effects and other methods must be used.
Low-energy effective theories can be used to describe
hadronic matter in the nonperturbative regime and one
can gain insight into the phase diagram of QCD. These
toy models typically share some of the properties of
QCD and are used to describe some aspects of QCD
in the nonperturbative regime. For example, the O(4)-
symmetric linear sigma model has been used extensively
at finite temperature and density to describe two-flavor
QCD [1, 2, 3, 4, 5, 6] and Refs. therein. One is then
taking advantage of the isomorphism between the groups
SU(2)×SU(2) and O(4). Alternatively, one can use the
Nambu-Jona-Lasinio (NJL) model to study the prop-
erties of QCD [7]. Originally, this was a model of in-
teracting nucleons but after the development of QCD,
the model has been reinterpreted as model using quark
degrees of freedom [8]. The NJL model has a severe
shortcoming, namely that the theory is not confining.
However, it still might be a useful model in cases where
chiral symmetry rather than confinement is essential.
An example of this is the breaking of chiral symmetry
and pions which are intepreted as Goldstone bosons.
The idea of a Bose-Einstein condensate of pions or
kaons in the core of compact stars has a long history
and the interest in such condensates is due to their far-
reaching consequences for these objects. For example,
the presence of a condensate results in enhanced neu-
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trino cooling [9]. Moreover, in contrast to hadronic mat-
ter in heavy-ion collisions, bulk matter in compact stars
must (on average) be electrically neutral and so a neu-
trality constraint must be imposed. Similarly, bulk mat-
ter must be color neutral and if the system is in a color
superconducting phase, one sometimes has to impose
this constraint explicitly. For example, it is automati-
cally satisfied if one uses the QCD Lagrangian, but this
is not so if one describes the system using NJL-type
models. This is due to the fact that there are no gauge
fields in this model and that the SU(Nc) color symmetry
is global [10].
It was shown recently that charged pions condensed if
the isospin chemical potential is larger than the pion
mass. This was done using chiral perturbation the-
ory [11, 12, 13, 14] and lattice QCD [15, 16]. Later
pion condensation and the phase diagram of two-flavor
QCD have been investigated using ladder QCD [17],
the chiral quark model [18], the linear sigma mod-
els [5, 6, 19], and NJL models in the mean-field approx-
imation [5, 20, 21, 22, 23].
The advantage of models with quarks as microscopic
degrees of freedom, such as the NJL model, is that one
can investigate simultaneously the effects of finite baryon
chemical potential and isospin chemical potential. In the
present paper, we consider the two-flavor NJL model
at finite baryon chemical potential and isospin chemi-
cal potentials. We compute the phase diagram at zero
and finite temperature as a function of these variables.
We restrict ourseselves to sufficiently low values of the
baryon chemical potential such that there are no su-
perconducting phases [24, 25]. We also investigate the
effects on the phase diagram by imposing electric charge
neutrality and β-equilibrium, and so we extend the work
of Ebert and Klimenko [21, 22] to finite temperature.
The article is organized as follows. In Sec. II, we
discuss the Lagrangian and the gap equations of NJL
model. In Sec. III, we discuss the phase diagram at zero
as well as finite temperature. In Sec. IV, we investigate
the phase diagram at zero and finite temperature impos-
ing charge neutrality and β-equlibrium. In Sec. V, we
summarize and conclude.
II. LAGRANGIAN AND GAP EQUATIONS
In this section, we discuss the properties of the la-
grangian of the NJL model. One treats the interactions
between the quarks as pointlike current-current interac-
tions. The Lagrangian of the NJL model can be written
as [8]
L = L0 + L2 + L2 , (1)
where the various terms are
L0 = ψ¯(iγ
µ∂µ −m0)ψ , (2)
L1 = G1
[














where m0 is the quark-mass matrix, which is diagonal
in flavor space. Moreover, τi are the Pauli matrices, and








We take mu = md. The Lagrangian (1) has a global
SU(Nc) symmetry as well as a U(1)B symmetry. In the
chiral limit, the Lagrangian (1) has an SU(2)L×SU(2)R
symmetry. Away from the chiral limit, this symmetry
is reduced to SU(2)V . L1 has an additional UA(1) axial
symmetry. L2 is ’t Hooft’s instanton-induced interaction
term and breaks explicitly the U(1)A axial symmetry of
L1 [27]. In the following, we shall limit ourselves to
study the standard NJL Lagrangian by choosing G1 =
G2 ≡ G/2 [8] and so we can write






We can characterize the system described by the La-
grangian (6) by the expectation values of the different
conserved charges associated with the continuous sym-
metries. For each conserved charge Qi, we introduce a
chemical potential µi. Note, however, that it is possi-
ble to specify the expectation values of different charges
simultaneously only if they commute. In the present
case, we introduce a chemical potential µB associated
with the U(1)B baryon symmetry, as well as a chemical
potential µI associated with the SU(2)I isospin group.





where ψ¯γ0ψ and ψ¯γ0τ3ψ are the corresponding baryon
and isospin-charge density operators, and I3 = τ3/2 and
































(µu − µd) . (13)
The inclusion of the isospin chemical potential, breaks
the SUI(2)-symmetry of the Lagrangian to UB(1) ×
















We next introduce the auxiliary fields σ and pii by
σ = −2Gψ¯ψ , (16)
pii = −2Gψ¯iγ5τiψ . (17)
The Lagrangian (9) can now compactly be written as
L = ψ¯
[
iγµ∂µ −m0 + µγ











The original Lagrangian (9) can be recovered by using
the equations of motion for the fields σ and pii to elim-
inate them from (18). The Lagrangian is now bilinear
in the quark fields and so we can integrate them out







iγµ∂µ −m0 + µγ














where the trace is over Dirac indices as well as space-
time. In the mean-field approximation, we neglect the
fluctuations of the quantum fields σ˜ and p˜i1. This
approximation coincides with the leading order of the
1/Nc-expansion, where Nc is the number of colors.
We next introduce a nonzero expectation value for
the fields σ and pi1 to allow for a chiral condensate and
a charged pion condensate. The fields are then written
as
σ = −2G〈ψ¯ψ〉+ σ˜ , (19)
pi1 ≡ −2Gi〈ψ¯γ
5τ1ψ〉+ p˜i1 , (20)
where σ˜ and p˜i1 are quantum fluctuating fields. For no-
tational simplicity, we introduce the quantitiesM and ρ
given by
M ≡ m0 − 2G〈ψ¯ψ〉 , (21)
ρ ≡ −2Gi〈ψ¯γ5τ1〉¯ , (22)
where M is the constituent quark mass. Note that
in the chiral limit, the chiral condensate breaks the
SU(2)L × SU(2)R symmetry spontaneously down to
SU(2)V in the usual manner. A nonvanishing pion con-
densate breaks parity as well as the global SU(2) sym-
metry. Moreover, we can always use the remaining U(1)-
symmetry to rotate away any nonzero value of 〈ψ¯γ5τ2ψ〉.
Using standard techniques to evaluate the trace and
using Ω = −βV Seff , where Ω is the thermodynamic po-






































(E ± δµ)2 + ρ2 , (24)
E =
√
p2 +M2 . (25)
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which is in agreement with the result of Ref. [21]. The values ofM and ρ are found by extremizing the thermodynamic
potential Ω, that is by solving the following gap equations
∂Ω
∂M
= 0 , (27)
∂Ω
∂ρ
= 0 . (28)















































































E± = E ± δµ . (31)

































The integrals appearing in Eqs. (23), (29), and (30)
are ultraviolet divergent and one may impose a three-
dimensional cutoff Λ to regulate them. Alternatively,
one can introduce a which falls off for large mo-
mentaform factor [26]. This ensures that the integrals
converge in the ultraviolet. We follow Ref. [21] and
choose an ultraviolet cutoff Λ = 650 MeV and a con-
stituent quark mass ofM = 300 MeV. The Dyson equa-
tion for the quark propagator gives the relation between
these two parameters and the coupling constant G [8]:







where Nf is the number of flavors. Given the values of
Λ and M , we find in the chiral limit, m0 = 0, G = 5.01
(GeV)−2. In the remainder of the paper, we also set
Nf = 2,and Nc = 3.
III. PHASE DIAGRAM
In this section, we study the phase diagram at zero
and finite temperature without taking into account
charge neutrality. Since we are not considering color
superconductivity, we restrict ourselves to quark chem-
ical potentials µ < 350 MeV. The equilibrium values of
M and ρ are obtained by solving numerically the gap
equations (29) and (30). In turns out that the possible
solutions to the gap equations are a) M = ρ = 0, b)
M 6= 0, ρ = 0 and c) ρ 6= 0, M = 0.
A. Zero Temperature
The phase diagram of the two-flavor NJL model at
zero temperature is shown in Fig. 1. In region C and D,
the chiral and the isospin symmetries are restored. In
region A and B, there is a charged pion condensate ρ,
while the chiral condensate is vanishing. Hence any fi-
nite baryon quark potential µ and/or finite isospin chem-
ical potential δµ restores chiral symmetry [5, 21]. There
is in other words no region where M and ρ are nonzero
simultaneously. This is also in accordance with calcula-
tions in the linear sigma model at finite isospin chemical
potential [5, 6]. The transition between phase B and C
is first order and is indicated by a solid line.
FIG. 1: Phase diagram of the two-flavor NJL model as func-
tion of quark chemical potential µ and δµ at zero tempera-
ture.
The difference between the regions A and B is as fol-
lows. In region B, the pion condensates depends on δµ,
but is independent of the quark potential µ. Since the





we conclude that the baryon density in this region van-
ishes. In region A, the pion condensate depends on both
µ and δµ and so the baryon density is nonzero. The
baryon density jumps discontinuously from zero to a fi-
nite value when crossing the curve. The same remark
applies to region C and D, where the baryon density is
nonzero only in region C. However, note that the part
of the phase diagram for isospin chemical potentials δµ
larger than the UV cutoff Λ is not necessarily reliable.
In Fig. 2, we show the pion condensate as a function
of quark chemical potential for three different values of
4
isospin chemical potentials. It is clear that the phase
transition between the broken and the symmetric phase
is first order. The part of the solid line that is bending
downwards corresponds to region A.
FIG. 2: Pion condensate as a function quark chemical µ
potential for δµ = 0 MeV (solid line) δµ = 150 MeV (dashed
line), and δµ = 300 MeV (dotted line) and for T = 0.
B. Finite Temperature
In Figs. 3–4, we show the phase diagram in the chiral
limit as a function of µ and δµ for T = 50 MeV and
T = 150 MeV. As the temperature increases, the region
of pion condensation decreases. Note also that the region
B shrinks as the temperature increases and eventually
vanishes altogether.
FIG. 3: Phase diagram of the two-flavor NJL model as func-
tion of µ and δµ for T = 50MeV.
In Figs. 5–6, we show the pion condensate as a func-
tion of quark chemical potential for three different values
FIG. 4: Phase diagram of the two-flavor NJL model as func-
tion of µ and δµ for T = 150MeV.
of isospin chemical potentials and two different temper-
atures. It is clear that the phase transition between the
broken and the symmetric phase is first order for low
temperatures and second order for high temperatures
(second order transitions are indicated by dashed lines).
This reflects the fact that phase B disappears altogether
for sufficiently high temperaratures.
FIG. 5: Pion condensate as a function of quark chemical
potential for δµ = 0 MeV (solid line) δµ = 150 MeV (dashed
line), and δµ = 300 MeV (dotted line) and for T = 50 MeV.
IV. ELECTRIC CHARGE NEUTRALITY AND
β-EQUILIBRIUM
In the previous section, we have calculated the phase
diagram by finding the solutions to the gap equa-
tions (27) and (28). Dense matter inside stars should
be neutral with respect to electric as well as color
5
FIG. 6: Pion condensate as a function of quark chemical po-
tential µ for δµ = 0 MeV (solid line) δµ = 150 MeV (dashed
line), and δµ = 300 MeV (dotted line) and for T = 150 MeV.
charge, otherwise one would pay an enormous energy
price [25]. Since we are not considering color supercon-
ducting phases, color neutrality is automatically satis-
fied, while we have to impose electric charge neutrality
(see e.g. Ref. [28] for a similar calculation including color
superconducting phases).
In addition to charge neutrality, matter should also
be in β equilibrium, that is weak-interaction processes
such as
u↔ d+ e+ + ν , (35)
should go with the same rates in both directions. If we
assume that the neutrinos can leave the system, their
chemical potential µν vanishes. In chemical equlibrium,
Eq. (35) implies
µu = µd + µQ , (36)
where µu and µd are chemical potentials for the up and
down quarks, respectively. The quark chemical poten-
tials µu and µd, and the electron chemical potential µe
can be written in terms of the quark chemical potential









µe = −µQ , (39)
and so the system can be described in terms of the two
independent chemical potentials µ and µQ. Once we
have picked a value for µ, the solutions to the gap equa-
tions (27) and (28) and the neutrality constraint deter-
mine the chiral condensate M , charged pion condensate
ρ, and the electron chemical potential µQ.
In order to impose the constraint of charge neutrality
we require additionally that
∂Ω
∂µQ
= 0 . (40)
The constraint (40) implies that there is only one inde-
pendent chemical potential, for example µ. Note that
the chemical potential appearing in Eq. (23) is half the
the sum of the quark chemical potentials µu and µd,
and so according to Eqs. (37) and (38), we need to make
the substitution µ → µ˜ = µ + µQ/6. In the remain-
der, we also will replace δµ by µQ/2, which follows from
Eqs. (13), (37), and (38).
In the following, we describe the electrons by a nonin-








where ψe denotes the electron field, e is the electron
charge, and me is the mass of the electron. The thermo-

















p2 +m2e. In the case of massless electrons,











T 4 . (43)
Adding the electron contribution Eq (43) to Eq. (23)






































































θ(µ˜− E+ρ ) + θ(µ˜− E
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V. PHASE DIAGRAM REVISITED
In this section, we calculate the phase diagram of the
two-flavor NJL model as a function of µ and µQ imposing
the electric charge neutrality constraint (40). Again the
solutions to the gap equations are a) M = ρ = 0, b)
M 6= 0, ρ = 0 and c) ρ 6= 0, M = 0.
A. Zero Temperature
In Fig 7. we show the electric chemical potential µQ
as a function of the quark chemical potential µ. We see
that for chemical potential smaller than a critical value
µ1c = 301MeV, the electric chemical potential vanishes.
The charged pion condensate vanishes and the system is
already neutral, so it is not necessary to neutralize it. In
this phase, the chiral condensate is nonzero and so chiral
symmetry is broken. For chemical potentials satisfying
µ1c < µ < µ2c, where µ2c = 323 MeV, the pion conden-
sate is nonvanishing, while the chiral condensate is zero.
In this phase, the baryon density is nonzero as well. The
electric charge of the baryons are neutralized by both the
presence of the pion condensate and the electrons. Fi-
nally, for chemical potentials larger than µ2c, the system
is in the normal phase, where both condensate vanish.
The baryon density is nonzero and its electric charge is
neutralized by the presence of the electrons alone. As
pointed out in Ref. [22], the thermodynamic potential
depends on the single variable
√
M2 + ρ2 if µQ = 0 and
not on M and ρ separately. The potential then has a
mexican-hat shape in the (M,ρ)-space. One therefore
has the freedom to choose the values of M and ρ. Since
parity is conserved in QCD at µQ = 0, we choose ρ = 0
to ensure this [22]. In Fig. 8, we show the chiral con-
densate and the pion condensate as a function of quark
chemical potential at T = 0. Again ρ jumps discontinu-
ously and the phase transition is first order.
B. Finite Temperature
In Fig. 9, we show the phase diagram of neutral mat-
ter as a function of temperature T and quark chemical
potential. In phase A, the pion condensate vanishes,
while the chiral condensate takes the value M ≈ 300
MeV. In this phase, the baryon and isospin densities
are zero and there is thus no electric charge in the sys-
FIG. 7: Electric chemical potential µQ as a function of quark
chemical µ in neutral matter at zero temperature.
FIG. 8: Pion (solid curve) and chiral (dashed curve) con-
densates for neutral matter as a function of quark chemical
potential µ at zero temperature.
tem. The electric chemical potential µQ and therefore
the electron density vanishes. In phase B, the pion con-
densate and baryon density are nonzero, while the chiral
condensate is vanishing. Once there is a nonzero pion
condensate, chiral symmetry is restored and this is in
accordance with calculations performed using the linear
O(4) model [5, 6]. In this phase, the electric chemical
potential and hence the electron density is nonvanish-
ing. The electron density and the charged pion con-
densate neutralize the electric charge of the charge. In
phase C, we are in the normal baryonic phase with a
nonzero baryon density and vanishing condensates. The
7
FIG. 9: Phase diagram for neutral matter as a function of T
and quark chemical potential µ.
electric chemical potential is nonzero and the electrons
neutralize the electric charge of the quarks. Finally, we
note that the two critical chemical potentials µ1c and
µ2c vanish at a temperature T of 51 MeV and 183 MeV,
respectively.
FIG. 10: Pion condensate for neutral matter as a function of
quark chemical potential µ for zero temperature (solid line),
T = 50MeV (dashed curve) and T = 150MeV (dotted curve).
In Fig. 10, we show the pion condensate for neutral
matter as as a function of µ for T = 0, T = 50 MeV,
and T = 150 MeV.
VI. SUMMARY AND OUTLOOK
In this paper, we have calculated the phase diagram
of the two-flavor NJL model as function of quark and
isospin chemical potential, and temperature in the chiral
limit. We have also imposed the constraints of electric
charge neutrality and weak equilibrium.
A straightforward extension of this work is to include
a nonzero constituent quark mass m0. Such a calcu-
lation would be similar to what was done in Ref. [20].
In Ref. [22], the authors calculate the phase diagram of
neutral matter with another set of parameters at zero
temperature. Using an ultraviolet cutoff of 600MeV, a
coupling constant G = 6.82(GeV)−2, and a constituent
quark mass of 400MeV, their numerical analysis shows
that phase structure differs qualitatively from the first
set of parameters. In this case there is no phase with
a pion condensate, but a phase transition directly from
a phase of broken chiral symmetry to a chirally sym-
metric phase at a critical baryon chemical potential of
µc = 386.2MeV. This seems to indicate that some fea-
tures of the phase diagram are not robust and more work
needs to be done to obtain qualitatively reliable results.
One possibility is to include 1/N corrections, where N
is either the number of colors or flavors [29].
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